Physical properties of the tiny scale structures in the cold neutral medium (CNM) of galaxies is a long-standing puzzle. Only a few lines of sights in our Galaxy have been studies with mixed results on the scale-invariant properties of such structures. Moreover, since these studies measure the variation of neutral hydrogen optical depth, they do not directly constrain the density structures. In this letter, we investigate the possibility of measuring the properties of density and spin temperature structures of the H i from absorption studies of H i . Our calculations show that irrespective of the thermal properties of the clouds, the scale structure of the H i column density can be estimated, whereas, H i absorption studies alone cannot shed much light on either the amplitude of the density fluctuations and their temperature structures. Detailed methodology and calculations with some fiducial examples are presented.
INTRODUCTION
Turbulence plays a significant role to shape the structure, dynamics and physical condition (Elmegreen & Scalo 2004) of the interstellar medium (ISM). Different methods are discussed in literature (Lazarian & Pogosyan 2000 Dutta 2016) to probe the turbulence induced scale invariant density and velocity fluctuations in the neutral hydrogen gas (henceforth H i ). At large scale the H i has been probed by 21-cm emission studies at scales of a few kpc (Elmegreen et al. 2001; in external spirals to scales of a few to hundred parsecs in the Galaxy (Crovisier & Dickey 1983; Green 1993) . These studies reveal a scale invariant ISM structure over several decades of length scale ranges. At smaller scales of a few AU to parsecs H i 21-cm emission is rather difficult to detect. Absorption of 21-cm lines against strong background source is used to study the scale structures of the cold phase of the ISM. Measurement of H i optical depth using VLBI or interstellar scintillation along some lines of sights (Faison & Goss 2001; Brogan et al. 2005) in the Galaxy gives evidence of scaleinvariant structures at scales of a few pc and lower (see the recent review by Stanimirović & Zweibel (2018) ). An alternative approach is to study the variation of optical depth against a few fast moving pulsars, where Frail et al. (1994) find optical depth variation along a few lines of sights at 5-⋆ E-mail:pavankv.rs.phy15@itbhu.ac.in † E-mail:pdutta.phy@itbhu.ac.in 100 AU scales, whereas other authors like Johnston et al. (2003) ; Stanimirović et al. (2003) find no variation along other directions. A still interesting approach is to measure the two-point function of the optical depth variation against extended background sources like radio galaxy or supernovae remnants Roy et al. 2010 Roy et al. , 2012 Dutta et al. 2014) , where often scale invariant structure of similar characteristics is seen at different directions in the Galaxy.
It is quite debated in the literature (Deshpande 2000) whether these small-scale fluctuations are a result of physical processes or they are just a few short-lived entities at a particular line of sight. Existence of small scale coherent structure would indicate a significant change in the process of star formation (Krumholz 2014) , whereas the short-lived structures may account for the observed gas in the unstable phases of the ISM. In this report, we address the question of estimating the two-point statistics of the H i column density in the CNM using the absorption studies and compare the existing results with that at the large scales. We outline a methodology to estimate the two-point correlation function of the optical depth (section 2), investigate the relation with the column density fluctuations (section 3) and check the efficacy of such estimations with a few fiducial models (section 4) and discuss the importance of our findings (section 5).
TWO POINT STATISTICS OF THE OPTICAL DEPTH FROM OBSERVED VISIBILITIES

Specific intensity of 21-cm radiation
The observed specific intensity I( θ, ν) towards any extended background source can be written from the simple solution of the radiative transfer equation as
where Ic and τ represents the continuum radiation from an extended background source and the optical depth of H i 21cm line along the direction θ respectively. Here we consider observations with a relatively smaller field of view and θ, represents angular separation from the centre of the field of view. It is further assumed that the continuum radiation is not a function of frequency. Specific intensity from an extended continuum source can be modelled as
wereĪc is the total flux from the background source, the function W ( θ), termed as the window function, gives the large scale distribution of specific intensity in the sky with d θW ( θ) = 1. Here we model the small scale fluctuations in the specific intensities with ∆Ic( θ), with its mean zero. We write the optical depth function τ ( θ, ν) as
whereτ (ν), the spatially average value of the optical depth, is a function of the observed frequency. The observed specific intensity can be written as
Auto-correlation function of optical depth fluctuations
The two-point correlation or the auto-correlation function of the observed specific intensity function is defined as
where the angular brackets correspond to ensemble averaging. The two-point correlation function of the specific intensity function of the continuum radiation can be written as ξI c ( θ, θ ′ ) = Ic( θ)Ic( θ ′ ) . Hence, for the frequencies with absorption the two-point correlation function of the specific intensity fluctuations can be written as (see Roy et al. (2010) )
where στ (ν) is the standard deviation of the optical depth in a given frequency over all angular directions. The quantity ξτ is the two point auto correlation function of the opacity fluctuation,
Auto-correlation Power spectrum 
Measuring the optical depth autocorrelation from radio interferometric observations
We use radio interferometers to measure the sky brightness distributions. The measured visibility V ( U , ν) at different inverse angular scale or baselines U and frequency ν can be approximated as Fourier transform (Thompson et al. 2017) of the sky intensity fluctuation as
where A( θ) is the antenna beam pattern. We use V2( U , U ′ , ν) to denote visibility correlation V ( U , ν)V * ( U ′ , ν) , which can be written as
where ⊗ represents convolution. Here we have used PI ( U , ν) to denote the power spectrum of the specific intensity, which is related to the autocorrelation function as
andW ( U ) is given asW ( U ) = A( θ)W ( θ)e −2π U . θ d θ. Note that, since the angular extent of the continuum sources of interest (≤ 10 ′ ) are a factor of three or more smaller than the typical field of view of the interferometers (like ∼ 45 ′ or even larger for VLA, GMRT),W ( U ) will be dominated by the Fourier transform of W ( θ). At the frequencies without H i absorption, visibility correlation V2c( U , U ′ ) measures the power spectrum PIc( U ) of the continuum specific intensity. We can write the visibility correlation at the channels with H i absorption as
The function Ξ( U , ν) carries information of the two point statistics of the opacity fluctuation. In this work we are interested in cold neutral medium structures at length scales ranging sub parsecs to a few tens of parsecs. Recent works by Martin et al. (2015) ; Kalberla & Kerp (2016) ; Kalberla et al. (2017) ; Blagrave et al. (2017) and Clark et al. (2019) find the existence of anisotropic structures at scales of a few pcs to 100s of pcs in certain directions in the Galaxy with significant alignments along the magnetic field lines. Here, we restrict ourselves to the isotropic estimators of the two point correlation function and hence Ξ depends only on U = | U |. We first discuss the sensitivity of different physical parameters of the ISM assuming isotropic fluctuations in the column density in section 4.1. In Section 4.2, we access the signature of anisotropic structures on the isotropic estimator of the ISM structures.
RELATION OF OPTICAL DEPTH AUTOCORRELATION WITH STATISTICS OF THE H i COLUMN DENSITY AND SPIN TEMPERATURE
The optical depth of H i 21-cm radiation along the direction θ in an observing frequency ν can be written as
where A21, kB and ν0 are the Einstein A coefficient, Boltzmann constant and rest frequency of 21-cm emission, z is the line of sight direction, nHI denotes the H i number density and Ts is the spin temperature of the gas. The function φ is called the line shape function and defined such that φ(ν)dν = 1. In principle, the line shape may vary at different directions and line of sight depth. We assume to observe with a frequency width such that the line shape function can be considered as constant. We write the number density of the optical depth fluctuation and the spin temperature in terms of their corresponding mean (denoted by bar "¯") as
Ts( θ, z) =Ts 1 + δT s ( θ, z) .
Assuming that the fluctuations to be small compared to unity, we may write to the first order
where we have identified the average optical depth asτ (ν) =
where L is the characteristic line of sight depth of the cloud andNHI = dznHI is the spatially averaged column density. Henceforth, we shall consider all quantities at the single frequencies only and will not write the frequency dependence explicitly. Using eqn.
(3) and eqn. (15) the optical depth fluctuation at different directions in the sky can be written as
Assuming homogeneity and isotropy in the column density and spin temperature distribution the autocorrelation function of optical depth fluctuation can be written as
with the autocorrelations and cross correlations of H i number density and spin temperature being defined like
To proceed further, we need to consider the thermodynamic properties of the CNM cloud. If we consider that the clouds are in both thermal and pressure equilibrium, the fluctuations in the spin temperature will be directly related to the column density, i.e δTs = −δnHI . On the other hand, it is possible that the CNM clouds are in thermal equilibrium and behaves like adiabatic gas, then δTs = −δnHI (1 − γ), where γ = 5/3 is the adiabatic index. In addition to this, the CNM condition can be with no correlation between the column density and the spin temperature. In general a combination of correlated and uncorrelated gas may coexist, i.e
gives the fractional correlation. The autocorrelation can be written as
when χ = [1 + η(1 − γ)] 2 and ξHI(θ) = 1 L dzζHI(θ, z). Since autocorrelation at θ = 0 gives the corresponding variance, we may write
which implies, for a scale invariance column density fluctuation
for a power law opacity fluctuation power spectrum with power law index −2 − αHI . Note that the global statistics of the optical depth (τ , στ etc) can be directly estimated from the optical depth map itself (Dutta et al. 2014; Dutta & Nandakumar 2019) . The quantity Ξ( U ) carries additional information about the parameters σHI, η, γ and αHI . However, it is clear from eqn. (21) that there is a degeneracy in estimates of η, γ and σHI if only the optical depth autocorrelation function is used as a measure.
SENSITIVITY OF OBSERVABLES ON THE PHYSICAL PARAMETERS
With isotropic column density fluctuations
In this section, we investigate sensitivity of Ξ(U ) on the parameters σHI , η, γ and αHI assuming the fluctuations in the column density to be isotropic. In a typical observation of H i in absorption we wish to estimate the quantitiesτ and στ from the reconstructed images. Following the calculations of Dutta et al. (2014) the bias in estimating these quantities are lowest at an optical depth of unity. Hence, in this study we choose our fiducial value for the average optical depth to be 1 with a standard deviation στ = 0.1. In order to unbiasedly estimate the scale-dependent two-point statistics of τ , we use visibility correlations.
We consider two extreme values of the parameter γ, i.e γ = [0, 5/3]. Note that, with γ = 0, χ have a value of unity for η = 0 and a maximum value of four for η = 1. With γ = 5/3, χ varies rather slowly as η is changed from 0 to 1. To investigate the effect of η on the measured Ξ( U ), we choose three values for η, [0., 0.5, 1.0] with the fiducial value being η = 0.5. H i emission studies at large scale suggest that the fluctuations in the density of H i is about 10 % of the mean ), hence we choose three values of σHI as [0.01, 0.05, 0.20] to see the variation against it, the fiducial value of σHI is chosen to be 0.1. Roy et al. (2010) measure the opacity fluctuation power spectrum of the H i along the direction of the supernovae remnant Cassiopea A. Their findings are consistent with a model when the standard deviation of the optical depth varies with scales as στ = 2 (x/4pc) 0.34 . This would correspond to the slope of 0.68 for the αHI . Hence, to see the variation of the Ξ( U ) we consider three values of αHI , [0.15, 0.5, 0.85] with the fiducial value at 0.5.
We start by generating a zero mean Gaussian random field corresponding to the H i optical depth fluctuation given by the autocorrelation function in eqn. (21). We then calculate the quantity Ξ(U ) of this field using two dimensional Fast Fourier transform as in eqn. (12). We examine the shape, slope and amplitude of the function Ξ(U ) for the dependence of various physical parameters. Figure (1) show the normalised autocorrelation function of the optical depth fluctuations for three values of αHI . Here, we have chosen γ = 0, η = 0.5 and σHI = 0.1. Four panels of Figure 4 show the variation of Ξ(U ) with baseline for different sets of parameters. The range of angular scales plotted here are from 7 − 700 arcsec, which corresponds to typical baseline ranges (∼ 0.5− ∼ 20 kλ) such observations will be sensitive to.
In Figure 2 (a) we plot the function Ξ(U ) as a function of baseline U corresponding to the autocorrelation in Figure (1) . The function Ξ(U ) assumes power law with the power law index as [−2.85, −2.5, −2.15] respectively for αHI = [0.85, 0.5, 0.15]. Since we consider small fluctuations of optical depth over the mean, the quantity Ξ(U ) is expected to have the same functional form as the power spectrum of the optical depth itself, i.e the slope of Ξ(U ) as a function of U when plotted in log-log scale is expected to be −2 − αHI (see discussion in Lee & Jokipii (1975) ). In this view, the relation between the slope of Ξ(U ) and αHI is as expected. This demonstrates that, for scale independent fluctuation in the H i column density, irrespective of the values of the parameters γ, η and σHI we can estimate the power law index of the H i column density fluctuation from observations of optical depth fluctuations.
The amplitude of the function Ξ(U ) is sensitive to all three of the parameters γ, η and σHI . Fixing γ = 0, we first show the variation of Ξ(U ) with different values of σHI in Figure 2(b) . Note that, the power spectrum of a fluctuation is directly proportional to the square of its standard devia-tion. Since for small fluctuations in optical depth, Ξ(U ) has the same functional form as the power spectrum of optical depth, the amplitude of Ξ(U ) is seen to be proportional to σ 2 HI . We show the variation of Ξ(U ) with different values of η in Figure 2(c) . Finally, we fix all but γ to the fiducial values and plot Ξ(U ) for two extreme cases of γ = 0 and 5/3 in Figure 2(d) . In practice, without any prior information of any two of γ, η and σHI it will not be possible to estimate these parameters separately only from the observation of optical depth fluctuations.
Effect of anisotropic fluctuations
In this work we use an isotropic estimator of the optical depth fluctuation and relate it to the isotropic statistics of the column density fluctuations. Goldreich & Sridhar (1995) discuss a model of ISM structure shaped by Magnetohydrodynamic (MHD) turbulence. Such MHD turbulence is expected to produce scale independent anisotropic structures with the degree of anisotropy governed mostly by the Alfvenic Mach number (Esquivel & Lazarian 2011; Burkhart et al. 2014) . In a more recent study on the anisotropy in ISM turbulence, Kandel et al. (2017) quantify the anisotropic structures in terms of the multipole moments of the structure function. Muller et al. (2004) , Kalberla & Kerp (2016) and Kalberla et al. (2017) measure the anisotropy associated with H i distribution along different directions in our Galaxy and the Magellanic bridge.
All these studies observe that the anisotropic structure in H i is mostly scale independent, as suggested by the theoretical works cited above. They quantify the power anisotropy as Q = P (U, φ = 0)/P (U, φ = π/2), where P (U, φ) is the observed power spectrum as a function of the baselines and azimuthal angle φ with φ = 0 • corresponding to the azimuthal direction with maximum power.
As discussed in the previous section, the directly measured quantity Ξ(U ), we use in this work to estimate the fluctuations in the column density, is proportional to the optical depth power spectrum for small optical depth fluctuations. In this section we investigate how the amplitude of an isotropic estimator of the power spectrum P (U ) and hence Ξ(U ) is modified in presence of anisotropic structures in the H i . We start by modelling scale independent anisotropic power spectra of H i optical depth, i.e, Pτ ( U ) in polar coordinate (U, φ), as
Φ(φ) = fa cos 2 φ + 1 fa + 1 .
Here, the overall amplitude of the power spectrum A gives the isotropic power. The anisotropy in the power spectrum is incorporated in the function Φ(φ), with the quantity fa as the anisotropy parameter. The factor fa is related to the parameter Q used in literature as Q = fa + 1. In this model, fa = 0 corresponds to isotropic fluctuations with Q = 1. Figure 3 shows the function Φ(φ) for different values of fa.
If we use an isotropic power spectrum estimator P (U ) to quantify the fluctuations in the optical depth given by the anisotropic power spectrum above, then,
Hence, the effect of using an isotropic power spectrum estimator to quantify anisotropic and scale invariant structures in H i results in a scaled estimate of the amplitude of the power spectra A. We conclude that the presence of anisotropic fluctuations will result in an additional factor of R(fa) in the amplitude of Ξ(U ) . Note that, the exact form of this modification depends on the functional form of Φ(φ), the result shown here is for the model considered in this work. Figure 4 shows the variation of the anisotropic power R(fa)with the anisotropy parameter fa for our model. Interestingly, for high values of anisotropy, the correction factor R approaches 1/2 in this model.
DISCUSSION AND CONCLUSION
In this article, we investigated the possibility of estimating the physical parameters of the CNM clouds from observation of optical depth fluctuation against an extended background source. It is expected that the compressible fluid turbulence would create scale invariant column density fluctuation in the CNM cloud. Our investigation shows, such observations alone can not trace much on the amplitude of such fluctuations. In fact, the partial correlation between spin temperature and column density, the dependence of spin temperature on the column density in the correlated case and fluctuation amplitude of H i column density all produce a similar effect on the measured optical depth autocorrelation. Multiwavelength observations (see Wakker et al. (2011) ) along the same line of sight can break this degeneracy, whereas using a different spectral line we may arrive at the spin temperature fluctuation independently, if the assumption of thermal equilibrium is valid. Also, observation of recombination lines of different species with high dynamic range spectral calibration (see Chowdhury & Chengalur (2019) ) may independently hint on the statistics of fluctuation of spin temperature and resolve the degeneracy discussed above. On the brighter side, we find that the scale dependence of such density fluctuations at sub-parsec scales can be traced by the radio-interferometric observations of the optical depth fluctuations.
Using numerical simulations of 13 CO specific intensity, Burkhart et al. (2013) show that the slope of the intensity fluctuation power spectra for optical thick clouds saturates at −3.0, as expected from the prediction of Lazarian & Pogosyan (2004) , whereas the spectral slope of the optically thin clouds is shallower. Recent simulations of galactic ISM by Bournaud et al. (2010) with an LMC size model find that the power spectrum of gas surface density assumes a slope of ∼ −2.8. to −3.0 at scales 100 pc and lower depending on the dynamics is driven by only gravity or additionally by star formation feedback. Grisdale et al. (2017) show that for Milky Way size galaxies, the effect of stellar feedback produces a slope of −2.5 for the H i column density power spectra at scales of 1 kpc or smaller. Observations of the H i structures are done in emission for typical scales of ∼ 1 pc and higher, where the column density power spectrum is directly measured. At lower scales, the H i structures are traced by the observed structure in optical depths. Crovisier & Dickey (1983) report measurement of H i intensity fluctuation power spectrum along the galactic plane with a power law slope varying between −2.0 to −3.0. In a subsequent study, Green (1993) measures the power spectrum slope to be between −2.2 to −3.0 in different regions in the Galaxy. Roy et al. (2010) report observation of the optical depth power spectrum with the slope of −2.86 from the local arm towards the direction of Cassiopeia A. On the other hand, Deshpande et al. (2000) find the slope of −2.5 towards the Cygnus A from the local arm and −2.75 towards the Perseus arm. Pingel et al. (2018) use different tracers including H i to estimate the power spectrum towards the Perseus molecular cloud and report the slope of −3.23 for their opacity corrected power spectra. measure H i power spectra for 16 spiral galaxies from the THINGS (Walter et al. 2008) sample. They find the power spectra of column density fluctuations follow a power law with slope mostly in the range −1.5 to −1.8 at the scales of ∼ 1 − 10 kpc for the 2D structures in H i column density. If the same turbulence cascade is continued, these correspond to the slope of −2.5 to −2.8 at the sub pc scales (Dutta et al. 2009 ), owing to a geometrical effect. On the other extreme of the length scales, Roy et al. (2012) ; Dutta et al. (2014) observe that the power spectrum of H i optical depth fluctuations at scales of few AU has a power law of −2.81. More recently, Miville-Deschênes et al. (2016) report that the power spectrum of dust along the direction of cirrus follow a power law of −2.9 down to a scale of 0.01 pc. These observations along different directions in the Galaxy and at different length scales raise a couple of questions, (i) is there a singular turbulence cascade responsible for ISM turbulence at scales from 10 kpc to 1 mili pc, (ii) or if it is just a mere coincidence that we are only sampling the small scale structures in the Galaxy towards a few directions. We have identified about 15 supernovae remnants which can be used to scan the galactic plane at different latitude and a few lines of sights have already been observed and analysed.
In this work, we studied the effect of anisotropic structures in H i in the isotropic power spectrum using a particular model for the anisotropic power spectrum. Kalberla & Kerp (2016) and Kalberla et al. (2017) measure a maximum power anisotropy of a few times 10, which translate to a factor of ∼ 0.5 for the quantity R. This suggests that in presence of anisotropic structures in H i , an estimation of only isotropic power results in an additional degeneracy in the amplitude of the measured optical depth autocorrelation. This degeneracy, however, can be lifted by probing the statistical nature of anisotropic structures. Though this requires considerably large observation time, it can be pursued in principle and it would provide more insight on nature and generation mechanisms of the ISM structures.
Here, we have taken the H i clouds to have three dimensional geometry and have not considered averaging over velocity space as discussed in Lazarian & Pogosyan (2000) to estimate the statistics of velocity fluctuations. In case of thin clouds, we expect the power law index of ζ to be one lower than ξ (see Dutta et al. (2009) ) and column density power spectra can be estimated from the autocorrelation of the optical depth. On the other hand, though velocity channel analysis (Lazarian & Pogosyan 2004 ) would have given more information about the energetics of the CNM turbulence at these scales, considering thicker velocity slices breaks down our assumption of uniform line shape function. Relating the autocorrelation function of optical depth with thicker velocity slices to H i column density power spectrum requires more investigation and not in the scope of this paper. In a nutshell, this work demonstrates how radio-interferometric spectral line absorption studies can be used to estimate the power spectrum of the H i column density fluctuation.
